We prove that the basic intersection cohomology H * p (M/F ), where F is the singular foliation determined by an isometric action of a Lie group G on the compact manifold M, verifies the Poincaré Duality Property.
Cohomology theories are one of the basic tools in the study of invariants of topological and geometrical objects. They provide a good environment for the development of obstruction theories. In the case of regular Riemannian foliations basic cohomology theory proved to be of great importance. In particular, for foliations of compact manifolds, it was possible to define a 1-basic cohomology class κ, the lvarez class, whose vanishing is responsible for tautness. Moreover, the Poincaré duality property holds only in basic twisted cohomology associated to this 1-cohomology class, (see [2] and [3] for the precise statement).
In the singular case the situation is even more complicated, for isometric actions the top dimensional basic cohomology can vanish and the Poincaré duality does not hold, [7] . Moreover, the standard procedure for the definition of the tautnes class seems not to work. Perhaps one should approach the problem from a different angle, and consider some other cohomology theory.
We introduced the intersection basic cohomology in [10] and the examples and results obtained indicate that this cohomology theory is suitable for the study of topology and geometry of singular Riemannian foliations, [8, 9, 11, 12] . In the present paper we demonstrate that under suitable orientation assumptions the basic intersection cohomology of a Killing foliation satisfies the Poincaré duality property.
In the sequel M is a connected, second countable, Haussdorff, without boundary and smooth (of class C ∞ ) manifold. We also write G for a Lie group.
Proof. We consider a point x ∈ R F and we find an open neighborhood V ⊂ R F of x and a smooth map
Since the Lie group K is compact we can suppose that R F = K× H R m , where H is a closed subgroup of O(m), and x =< e, 0 >. We consider a neighborhood W ⊂ K of e. This neighborhood is chosen small enough in order to ensures us the existence of a smooth section σ : γ(W ) → W of the canonical projection γ :
This ends the proof. ♣
We fix for the rest of the work a Killing foliation F given by an effective tame action Φ : G × M → M with G connected. We also fix a tamer group K. We write b = dim G and m = dim M. The induced foliation on the regular stratum R F is regular, its dimension will be denoted by w = dim F .
Presentation of the Poincaré Duality
Property. * p (M/F ), relatively to the perversity p, was introduced in [10] for the study of conical foliations 1 .
We define the support of a perverse form ω ∈ Π * The goal of this work is to prove that the usual pairing gives the isomorphism
where p and q are complementary perversities, that is, p +q = t, with t(S) = codim M F −codim S F S −2 where S is a singular stratum and F S the restriction of F to S.
Twisted product.
The elementary pieces on M are the twisted products. We find in [12, Proposition 5 ] the computation of their basic intersection cohomology. We present here the compact support version of this result.
Proof. It suffices to follow [12, Proposition 5] taking into the account that, given a differential form ω on K× H R W , we have:
This comes from the fact that Π is an onto map and that the Lie groups K and H are compact. ♣
Tangent volume form.
In order to construct the pairing giving the Poincaré Duality we need to introduce a particular tangent volume form of the orbits of Φ.
We fix a K-invariant metric ν on k, the Lie algebra of K which exists since K is compact. Consider
We write V u the fundamental vector field on
We prove the existence of a tangent volume form under a suitable orientation conditions on the manifold and on the foliation. The tame action Φ is orientable if (i) the manifold M is orientable, and (ii) the adjoint action Ad : N K (L) × l → l is orientation preserving.
Remarks.
(a) Condition (ii) does not depend on the choice of L.
(b) Since the group K preserves the orientation of g then condition (ii) is equivalent to (ii') the adjoint action Ad :
(c) Condition (ii) is verified when G is abelian or when l = 0, that is, when dim F = dim G.
Proposition 5.2 If the action Φ is orientable, then there exists a K-invariant tangent volume form
Proof. Firstly, we prove the following statement by induction on depth S F :
where
Here, I denotes the pointwise foliation of [0, 1[ p . The existence of η is proven by taking p = 0.
First case: depth S F = 0.
We have Π *
suffices to define η on T (F × I ). In fact, this restriction is given by (2) . It remains to prove that η is well-defined, smooth on T (F × I ) and K-invariant. Let us see that.
• The definition (2) does not depend on ℓ. Let us consider
Since the element Ad (ℓ ′ ℓ −1 ) preserves the metric ν and the orientation of l ⊥ (see (ii')) then we get
• The definition (2) is smooth. Consider x ∈ M. From Proposition 2.1 we know that there exists a neighborhood V ⊂ M and a smooth map f :
, which is smooth.
• The form η is K-invariant.
Second case: depth S F > 0. 
By induction hypothesis there exists a
K-invariant differential form η 0 ∈ Π w F M × [0, 1[ p verifying (2σ : M\S min → L −1 (M\S min ), defined by σ (z) = (z, 1). The differential form η = (σ × identity [0,1[ p ) * η 0 belongs to the com- plex Ω w (R F × [0, 1[ p ),
is K-invariant and verifies (2). It remains to prove that
, which is a local property.
So, we can consider that M is a tubular neighborhood T of a singular stratum of S F and prove
. This is the case since σ
We prove now the (a)-(c) items. For each y ∈ V we have (
} is a basis of T y G(y). For degree reasons it suffices to prove that we have i V f (y)·u 1 (x) · · · i V f (y)·u w (x) (ω ∧ dη) = 0. Since ω is a basic form and η is a K-invariant form, we can write
(b) and (c) . Notice that the integrals make sense since M is an oriented manifold and R F is an open subset of it. Now, the proof is the same as in in [11, Lemma 4.3.2] . ♣
The pairing.
In Section 9 we prove the Poincaré Duality Property:
(M/F ), when Φ is orientable and the two perversities p and q are complementary. This isomorphism comes from the pairing P M constructed from the above tangent volume form η in the following way:
Proposition 5.2 implies that this operator is well defined and that it induces the pairing
The Poincaré Duality Property asserts that P M is a non degenerate pairing, that is, the operator
Twisted product and Poincaré Duality.
We first get the Poincaré Duality Property in the framework of twisted products. Proof. Recall that the action Θ :
Proposition 7.1 Consider a twisted product K × H N, where N is an orientable manifold and the action Θ : H × N → N is effective. Let us suppose that the associated action
In particular, we can take the same L for both actions Φ and Θ. Property (a) comes now from the inclusion N H ′ (L) ⊂ N K (L). We prove (b) in several steps. Consider a tangent volume form η of Φ :
The leaf of K × N at the point (k, v) ∈ K × N is generated by
. . , u w ) = 1. The LHT of (3) applied to B gives, using the fact that
for degree reasons. By reordering
we obtain the commutativity. ♣
Tubular neighborhoods and Poincaré Duality.
Consider (T, τ, S, R n ) a K-invariant tubular neighborhood of a singular stratum S. The restriction of the action Φ : G × M → M to T is orientable. Put (R n , F R n ) the slice of the tubular neighborhood. That is, R n is identified with a fiber τ −1 (x), x ∈ S and the foliation F R n is defined by a tame action Θ : G x × R n → R n . It is also an orientable action since (G y ) x = G y for each y ∈ τ −1 (x). • The result for the regular foliation comes form [1] .
• The Mayer-Vietors sequence used are those of [11, 3.6, 3.7] .
